The quantitative condition is necessary in guaranteeing the validity of the adiabatic 

approximation 
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The quantitative condition has been widely used in the practical applications of the adiabatic 
theorem. However, it had never been proved to be sufficient or necessary before. It was only 
recently found that the quantitative condition is insufficient, but whether it is necessary remains 
unresolved. In this letter, we prove that the quantitative condition is necessary in guaranteeing the 
validity of the adiabatic approximation. 
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The adiabatic theorem reads that if a quantum sys- 
tem with a time-dependent nondegenerate Hamiltonian 
H(t) is initially in the n-th instantaneous eigenstate of 
H(0), and if H(t) evolves slowly enough, then the state 
of the system at time t will remain in the n-th instan- 
taneous eigenstate of H(t) up to a multiplicative phase 
factor. The theorem was first introduced eighty years 
ago [H, has been one of the most important theories in 
quantum mechanics [IHsl and has underpinned some of 
the most important developments in physical chemistry 
@, HI , quantum field theory Q , geometric phase [l(| , and 
quantum computing The practical applications of 

the theorem rely on the criterion of the "slowness" re- 
quired by the theorem, which is usually encoded by the 
quantitative condition, 



(E n (t)\E m {t)) 



E n (t) — E m (t) 



< 1, m^n, t G [0,r] 



(1) 



where E m (t) and \E m {t)) are the eigenvalues and eigen- 
states of H(t), and r is the total evolution time. Al- 
though the sufficiency as well as necessity of the condi- 
tion had been never proved before, it had been widely 
used as a criterion of the adiabatic approximation. It 
was only recently found that the quantitative condition 
is insufficient in guaranteeing the validity of the adiabatic 
approximation. Marzlin and Sanders |12j | illustrated that 
perfunctory application of the adiabatic theorem may 
lead to an inconsistency. Tong et al [l3| pointed out 
that the inconsistency is a reflection of the insufficiency 
of the adiabatic condition and they further showed that 
the condition cannot guarantee the validity of the adia- 
batic approximation. Indeed, for a given quantum sys- 
tem defined by Hamiltonian H a (t) with evolution op- 
erator U a {t) — Texp(— i J* H a {t')dt'), one can always 
construct another quantum system defined by Hamilto- 
nian H b (t) = iUl(t)U a (t). The two systems fulfill the 
same adiabatic condition, but the adiabatic approxima- 



tion must be invalid for at least one of them, which indi- 
cates that the adiabatic condition is insufficient. These 
recent findings have stimulated a great number of reex- 
aminations on the adiabatic approximation. Some papers 
contributed to the investigation of the reasons behind 
the insufficiency l442l|. while others contributed to the 
development of alternative conditions [22-33] or to the 
examination of the validity of the quantitative condition 
in concrete quantum systems 13-4^]. However, so far, 
whether the quantitative condition is necessary remains 
unresolved. It is worth noting that some authors have 
claimed that the condition was unnecessary for the adi- 
abatic approximation [2ol |. and it was restated in Refs. 
2lL l3lL l33| but without a convincing argument. Is the 
condition really unnecessary? It is of great importance 
to put forward an exact proof. In this letter, we address 
this issue. We will show that the quantitative condition 
defined by Eq. ([IJ is necessary in guaranteeing the valid- 
ity of the adiabatic approximation. Besides, we reexam- 
ine the spin-half model, from which the nonnecessity was 
claimed, to remove the misunderstanding on the condi- 
tion. 

Let us consider an A^-dimensional quantum system 
with the Hamiltonian H(t). The instantaneous non- 
degenerate eigenvalues and orthonormal eigenstates of 
H(t), denoted as E m {t) and \E m (t)} respectively, are de- 
fined by 

H{t)\E m {t))=E m {t)\E m {t)), m = l,...,N. (2) 

If we assume that the system is initially in the n— th 
eigenstate \tp(0)) = \E n (0)), then the state at time t, 
\tp(t)}, is dictated by the Schrodinger equation 



(3) 



In the basis {\E m (t))}, \ip(t)) can be expanded as 

\m) = $> m (t)i£ m (*)), (4) 
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where c m (t) — (E m (t)\tp(t)) are the time-dependent co- 
efficients. 
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We use \ij} adl {t)) to denote the following expression, 
\^ di {t))=e ia ^\E n {t)), (5) 

where a(t) is usually written as a(t) = — f Q E n (t')dt' + 
i f*{E n (t')\E n (t'))dt' '. In general, \ij; adl {t)) does not 
fulfill the Schrodinger equation, i.e. i4i\' l P adt (t)) 7^ 
H (t)\ip adl (t)) , and hence it is not a solution of the 
Schrodinger equation. However, for some quantum sys- 
tems with Hamiltonians evolving slowly, \ip adl (t)) may 
approximately fulfill the Schrodinger equation, i.e. 



i-\r di {t))*H{t)\r d \t)). 



(6) 



In this case, \ip adt (t)) may be taken as a good approxi- 
mation of the exact solution \ip(t)), i.e. 



(7) 



and it is said that the quantum system is in the adiabatic 
evolution. This is the essential idea of the adiabatic ap- 
proximation. Note that Eq. © is necessary in ensuring 
that \il> adl (t)} is a good approximation of the exact solu- 
tion. From Eqs. ([3]), ([6]) and j7]), we have 



i Jt \m) = m)\m) 



H(t)\r di {t)) 
ij t \r di (t)), 



which gives 



\m) « \r d \t)). 



(8) 



(9) 



We stress that one should not take Eq. ([9]) as a trivial 
result of differentiating the two sides of Eq. 0. Equa- 
tion (|9|) is derived from the fact that the wave function 
describing the evolution of the quantum system must ful- 
fill the Schrodinger equation. In passing, we would like 
to mention that Eq. © has been used in the literature 
by other authors, for instance M. Berry [10( has used it 
to deduce the famous Berry phase, but here it is the first 
time to give a detail discussion on its source. Besides, 
the validity of the adiabatic approximation implies 



t (t)\ = \(E m (t)m))\ « 1. rn^n. 



(10) 



We now show that the condition ([TJ can be deduced 
from Eqs. 0, © and ([TO]). To this end, let us calcu- 
late the coefficients c m (t) = (E m (t)\il>(t)) , m ^ n. Since 
H(t) is a Hermitian operator, by using Eq. ([2"]). we have 
(E m \ (H(t) - E„) |V) = (E m -E n )(E m (t)\tp(t)). The co- 
efficients c m (t) can be then written as 



c m (t) = (E, n 



-(E m \(H(t)-E n )\Tp), (11) 



where for abbreviation we set E m = E m (t), \E m ) = 
\E m (t)}, and = \tp(t)). The Schrodinger equation 
© indicates H{t)\ip{t)) = i\ip{t)). Eq. $TQi can then be 
written as 



1 



E, 



-{E m \(i\i})-E n \i>) 



(12) 



Substituting Eqs. ([7]) and © into (fT2"1) . and further using 
Eq. dSJ and the relation (E m \E n 

1 



Smn, we have 



E n 



En 



(E m \U\r di )-E n \r di 



E n 



ie 



— E n 
, (E m \E n ) 

Em E n 



(E m \ (i\E n ) - a\E n ) - E n \E n ] 



(13) 



The above calculation shows that if the adiabatic approx- 
imation is valid for the system, c m (t) must be approxi- 
mately equal to up to a phase factor. In the use 



(E m \E n ) 



Em—En 



<^1. It is exactly 



E m -E n 

of Eq. (p~0|) , we finally obtain 

the quantitative condition defined by Eq. ([T]). So far, we 
have completed the proof that the quantitative condition 
is necessary in guaranteeing the validity of the adiabatic 
approximation. 

Further, we reexamine the model, a spin-half particle 
in a rotating magnetic field, from which some authors 
claimed that the quantitative condition was unnecessary. 
We will substantiate that the quantitative condition is 
indeed necessary in guaranteeing the validity of the adia- 
batic approximation. The Hamiltonian of the model can 
be written as 
u 



H(t) 



- (a x sin cos tot 



tjy sin 9 sin uit 



a z cos 6>) (14) 



where ujq is a time- independent parameter defined by the 
magnetic moment of the spin and the intensity of external 
magnetic field, lo is the rotating frequency of the mag- 
netic field and Cj, i = x,y,z, are Pauli matrices. With- 
out loss of generality, we suppose uj > 0, u > 0, and 
s'md 0. The two instantaneous eigenvalues of H(t) are 



E 1 ■- 
are 



wo 
2 ■ 



En 



i£0 

2 ' 



and the instantaneous eigenstates 



l^iW) 



respectively, 
reads 



-iuit/2 
p iwi/2 



Sin : 
COS ■ 



\E 2 (t)) 



uit/2 
ut/2 



COS ■ 

sin 







2 / V " oi " 2 

The Schrodinger equation for the model 



2 



cos o sin tie 



sin ye 



cosf 



\m)- (ie) 



Suppose that the system is initially in the first eigenstate, 
|V>(0)) = |£i(0)). In the basis \E x {t)) and \E 2 (t)), \ip(t)) 
can be expanded as 



= ait)^)) + b(t)\E 2 (t)), 



(17) 
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where a(t), b(t) are two time-dependent coefficients to 
be determined. Substituting Eq. into (If 61) . we may 
obtain the differential equations fulfilled by a(t) and b(t), 
from which we have 



a(t) 
bit) 



ojf 



.w 



- 00 cos . cot 

sin — 

5J 2 



w sin cot 
i _ sin—, 
cl> 2 



(18) 



with w = \/ oj 2 + oj 2 — 2ojqco cos 9. 

For this model, the quantitative condition is loq 3> 
wsinfl, and |V> adl (£)> = ei w °*|£i(i)). If the adiabatic 
approximation is valid, there must be 



lo sin# 



■y/wp + cj 2 — 2wow cos 9 



For convenience's sake, we denote the term on the left- 
hand side of Eq. (fT9| by /(^f), and take it as a function 



of 



We now ana- 



^/(^a)2_2(^)cos6» + l' 

lyze the values of /(^f)- Noting that the sign of cos# 
changes from positive to negative at 9 = 7r/2, we pur- 
sue the discussions respectively for < 9 < n/2 and for 
tt/2 < 9 < n. In the first case where 9 € (0, §], /(^f) 
is a monotonic increasing function for ^ < cos 9 and a 
monotonic decreasing function for — > cos 6*. It has a 
maximum at ^ = cos 6*. /(^f) is always larger than sin 6* 
in the interval < — < cos 9 and larger than sin | in 
the interval cos^ < ^ < 1. The solid line in Fig. I is a 
sketch of /(tj) for 9 g (0, ^]. In the second case where 



f (coo/uo) 



sinG 




| cose | 



u>o/u> 



FIG. 1: A sketch of / (^). The solid line is for 6 £ (0, f] 
and the dashed line is for 8 £ (^,n). 

9 £ (f, 71 "), f(—) is a monotonic decreasing function of 
^ in its domain. It is always larger than sin | in the 
interval < — < I. The dashed line in Fig. I is a 
sketch of f{^j) for 9 £ (f,7r). These calculations show 
that for a nonzero sin#, the adiabatic approximation is 
valid only if ujq 3> oj, which necessarily implies the quan- 
titative condition ojq 3> wsin#. If ojq S> oj is not fulfilled, 
for instance coq <C oj or ojq ~ cj , the absolute value of 
in Eq. (TTT1) is in the order of sin#, and therefore the 
adiabatic approximation is invalid. 



After having demonstrated that ojq ^> oj sin 9 is a nec- 
essary condition for the adiabatic evolution of the spin- 
half system, we now explain what is wrong in the claim 
that the quantitative condition was unnecessary. It was 
argued that if sin 9 is small enough, the fidelity between 
\ip(t)) and \tp adl (t)} will then be close to I and the adia- 
batic approximation would be valid even if ooq <C oj. Cer- 
tainly, it is true that the fidelity may be close to I if sin 9 
is small enough, but this does not imply that the adia- 
batic approximation is valid for wo < w. In fact, \4>(t)) 
cannot be expressed as a(t)\Ei(t)) if only sin0 is small 
but not wq 3> oj. To clarify this point, let us rewrite Eq. 



(jT7| as |V>(t)) = 



Ai + Bx 
A 2 +B 2 



, where Ai and Bi are deter- 



< 1. (19) mined by 



o(*)l^i(<)>, 



mm))- 



Bi 

By using Eqs (fT5|) . (fT71) and (fl8|) . the explicit expressions 
of Ai and Bi can be obtained. One may find that B 2 
relative to A 2 is much smaller, and it is valid to have 
A 2 + B 2 ~ A 2 . Yet, B\ is of the same order as A%, and it 
is invalid to take A\ + B\ w Ax- Therefore, one cannot 
take a(t)\Ei(t)) as an approximation of \ip(t)). Further 
more, we can also find the distinct difference between 
\t(>(t)) and \ifj ad ' L (t)) by comparing the Bloch vectors of 
them. The exact solution (|17[) can be explicitly written 
as 



u; _2 

■ CJQ— UJ 



cos I (cos f + sin f ) ' ■ (20) 



If ojq <C w, we have « ±1 and uJ rj uj — oj cos + 5, 

where S = S(^) is of the order ^. Equation (gDJ) then 
becomes 



W)) 



-i{ojQ cos8 — 8)t/2 ( 



i(wo < 



-<5)t/2 



COS ■ 



(21) 



Clearly, the Bloch vector of \ijj adl (t)} is rotating as fast as 
the magnetic field. However, from Eq. (|2ip . we find that 
for the exact solution \ip(t)}, the rotating rate of its Bloch 
vector is about ojq, which is far from the rotating rate of 
the magnetic field. Therefore, if co -C oj, the system is 
never in the adiabatic evolution, no matter how small 
sin 9 is. For instance, if we take 9 = 0.06 and oj = 10wo, 
as in Ref. f2Cj, the rotating rate of the state \ip(t)) is 10 
times as much as that of \ijj adl (i)) although the fidelity 
between the two states is close to 1. 

In summary, we have proved that the quantitative con- 
dition is necessary in guaranteeing the validity of the adi- 
abatic approximation. One can then conclude that the 
quantitative condition is a necessary but insufficient one. 
Fulfilling only the quantitative condition may not guar- 
antee the validity of the adiabatic approximation, but 
violating the condition must lead to the invalidity of the 
approximation. Since the quantitative condition plays an 
important role in the practical applications of the adia- 
batic theorem and it had been found to be insufficient, 



4 



the confirmation of its necessity is of great importance. 
Besides, the findings in the letter have removed all the 
previous doubts or misunderstandings on the quantita- 
tive condition. In passing, we would like to point out 
that the quantitative condition may be a necessary and 
sufficient criterion of the adiabatic approximation for a 
large number of interesting quantum systems, although 
it is difficult to pick out these systems. This may be the 
underlying reason that the quantitative condition is still 
a powerful tool widely used by researchers despite the 
finding of its insufficiency. 
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